Abstract. We extend Jendrol' and Skupień's results about the local structure of maps on the 2-sphere: In this paper we show that if a polyhedral map G on a surface M of Euler characteristic χ(M) ≤ 0 has more than 126|χ(M)| vertices, then G has a vertex with "nearly" non-negative combinatorial curvature. As a corollary of this, we can deduce that path transferability of such graphs are at most 12. 
Introduction
In this paper we use standard terminology and notation of graph theory. The graphs discussed here are finite, simple, undirected, and connected. A orientable surface S g of genus g is obtained from the sphere by adding g handles. A nonorientable surface N q of genus q is obtained from the sphere by adding q crosscaps.
The Euler characteristic is defined by χ(S g ) = 2 − 2g, χ(N q ) = 2 − q. The facial walk of a face α in a 2-cell embedding is the shortest closed walk that follows the edges in order around the boundary of the face α. The degree of a face α is the length of its facial walk. Vertices and faces of degree i are called i-vertices and i-faces, respectively. A vertex v is said to be an (a 1 , a 2 , . . . , a n )-vertex if the faces incident with v have degree a 1 , a 2 , . . . , a n . An edge e is said to be an (i, j)-edge if two vertices incident with e have degree i, j.
If a graph G is embedded in a surface
If each facial walk of a 2-cell embedding consists of distinct vertices, then the embedding is called closed 2-cell embedding. If G is a closed 2-cell embedding and the subgraph of G bounding the faces incident with any vertex is a wheel with ≥ 3 spokes and a possibly subdivided rim, the embedding is called a wheel-neighborhood embedding. The following Proposition is due to Negami and Vitray (see [9] , [10] , [11] , [16] ).
Proposition 1. An embedding of a graph is a polyhedral map if and only if it is a wheel-neighborhood embedding.
By Euler polyhedral formula, a simple planar graph has a vertex of degree ≤ 5.
Local structures of planar graphs are further studied by Jendrol' and Skupień [5] .
Local structures of graphs on general surfaces is investigated by several researchers, see [6] , [7] , [8] , [15] etc. In this paper we will show the following by using the Discharging method that is slightly changed from the ones of [5] , [6] :
. . , a n )-vertex, where n = 3, 4, 5, 6 and (a 1 , a 2 , . . . , a n ) satisfies one of the On the other hand, path transferability is introduced in [13] : We consider a path as an ordered sequence of distinct vertices with a head and a tail. Given a path, a transfer-move is to remove the tail and add a vertex at the head. A graph is n-path-transferable if any path with length n can be transformed into any other such path by a sequence of transfer-moves. The maximum number n for which G is n-path-transferable is called the path transferability of G. The author in [14] showed the following result for planar graphs.
Theorem 3 ([14]
). Path transferability of a simple planar graph with minimum degree ≥ 3 is at most 10.
For graphs on general surfaces, we will show the following result.
Main Theorem. If a polyhedral map G on a surface M of Euler characteristic χ(M) ≤ 0 has more than 126|χ(M)| vertices, then path transferability of G is at most 12.
Proof of Theorem 2
Let G be a counterexample with n vertices. We consider only 2-cell embeddings of graphs. Hence Euler's formula implies:
In the following we use the Discharging method. We assign to each vertex v the charge c(v) = 2deg(v) − 6 and to each face α the charge c(α) = deg(α) − 6. These charges of the vertices and faces will be locally redistributed to charges c * (v) and Rule A1.
Suppose that α is a face of G incident with a vertex v, and that deg(α) ≤ 5, deg(v) ≥ 4. Then v sends to α the following charge: Every k-vertex, k ≥ 4, which has at least one 3-face and at least two 6-faces sends additional charge 1 10 to each 3-face after Rule A1. Rule A3.
Suppose that e is a common edge of adjacent faces α and α ′ of G, and that
If e is an weak edge, then α ′ sends to α the follow- If e is a semi-weak edge, then α ′ sends to α the following charge. Rule A4.
Every k-face, k ≥ 2519, supplies the charge 
Proof. We consider several cases.
1-2: k = 4. This 4-vertex v corresponds to one of the following types: 
The charge transferred from v is maximized when all incident faces of v are of degree 3 or when all incident faces except two 6-faces are of degree 3.
2-1: k = 3. Let x 1 , x 2 , x 3 be the three vertices of α, and β 1 , β 2 , β 3 the three adjacent faces such that they have x 1 x 2 , x 2 x 3 , x 3 x 1 in common with α, respectively.
[a] We first assume that all of x 1 , x 2 , x 3 are of degree 3. One of the followings holds; [1] all of β 1 , β 2 , β 3 are of degree ≥ 13; or [2] two of β 1 , β 2 , β 3 are of degree 2-2: k = 4. Let x 1 , x 2 , x 3 , x 4 be the four vertices of α in a natural circular ordering, and β 1 , β 2 , β 3 , β 4 the adjacent faces such that they have x 1 x 2 , x 2 x 3 , x 3 x 4 ,
x 4 x 1 in common with α, respectively.
[a] We assume that all of x 1 , x 2 , x 3 , x 4 are of degree 3. Then [1] all of β 1 , β 2 , β 3 , β 4
are of degree ≥ 9; or [2] at least two of the four faces are of degree ≥ 2519. Therefore Therefore the sum of the charge sent from these two faces is at least along (3, k)-, (4, k)-, (5, k) edges which are weak or semi-weak. We notice that there are no consecutive two (resp. consecutive three) (3, k)-edges which are weak (resp. semi-weak), and that there are no consecutive (4, k)-edges which are weak. Therefore the transfer from α is maximized when [1] every other edges on α are weak (3, k)-edges and k is even; [2] except two consecutive (3, k)-edges which are incident with a (3, 3, 4, k)-vertex on α, every other edges on α are weak (3, k)-edges and k is odd. If k is even, c
2-7:
As a consequence, we establish Lemma 4.
Rule B.
Each major faces α sends its charge c * (α) equally to its incident vertices.
We notice that each major face sends at least 
Proof. Let v be a k-vertex, k ≥ 3.
We first assume that k = 3. Since G is a counterexample, this vertex v corresponds to one of the following types: (3, i, ≥ 2519); i = 6, . . . , 12, (3, ≥ 13, ≥ 13), We set k ≥ 6. This vertex v has the type (≥ 3, ≥ 3, ≥ 3, ≥ 3, ≥ 3, ≥ 4) if k = 6.
In any case, the charge of v is still remained after applying Rule A1 − 4, and we can deduce that c * * (v) ≥ Euler's formula together with Lemma 5 and the hypothesis n > 126|χ(M)| yields
a contradiction. This completes the proof of Theorem 2.
Path Transferability of Graphs on Surfaces
In this section we treat path transferability of graphs on general surfaces. We first prepare several notations: A path consists of distinct vertices v 0 , v 1 , . . . , v n and
. . , v n−1 v n . Through this paper we assume that each path has a direction. The reverse path of P is denoted by P −1 . The number of edges in a path P is called its length, and a path of length n is called an n-path. The last(resp. first) vertex of a path P in its direction is called the head (resp. tail ) of P and is denoted by h(P )(resp. t(P )); for P = v 0 v 1 · · · v n−1 v n , we set h(P ) = v n and t(P ) = v 0 . The set of all inner vertices of P , the vertices that are neither the head nor the tail, is denoted by Inn(P ).
We are interested in the movement of a path along a graph, which seems as a "train" moving on the graph: Let P be an n-path. If h(P ) has a neighboring vertex v / ∈ Inn(P ), then we have a new n-path P ′ by removing the vertex t(P ) from P and adding v to P as its new head. We say that P take a step to v, and denote it by P v − → P ′ (or briefly P − → P ′ ). If there is a sequence of n-paths P − → · · · − → Q, then we say that P can transfer (or move) to Q, and denote it by P Q. A graph G is called n-path-transferable or n-transferable if G has at least one n-path and if P Q for any pair of directed n-paths P, Q in G. The maximum number n for which G is n-path-transferable is called the path transferability of G. The following result says that for a fixed surface the number of polyhedral maps whose path transferability are more than 12 is finite:
Proof. Let G be a graph as above. By Theorem 2, G contains one of the light vertices in Table 1 . We assume that such a vertex has the type (3, 12, ≤ 2518).
Then we can find a path of length 13 which cannot move any longer (see Fig.1 ), therefore path transferability of G is at most 12. For the other types, we can similarly find clogged paths of length ≤ 12 around the light vertices. Hence path transferability of G is at most 12. Let G be a polyhedral map on a surface whose faces are of degree 6, and G ∆ the truncated graph of G. This graph G ∆ has path transferability 12, thus the value 12 in this theorem is best possible (see Fig.2 ). 
Combinatorial Curvature
By considering the graphs in Fig.3 , we can see that the several types in Table   1 is in some sense tight; we cannot remove the types (a 1 , a 2 , . . . , a n ) with † mark from the list. On the other hand, Higuchi [4] studied the combinatorial curvature, introduced by Gromov [3] , that is defined as 
